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A method is desc r ibed  of s imulat ing a t r ans ien t  heat-conduct ion p r o c e s s  on a g e n e r a l - p u r -  
pose  analog computer .  Fo r  i l lustrat ion,  the p rob lem of opt imal ly  heating a po lymer  fi lm 
has been solved by this method. 

The t r a n s m i s s i o n  of t h e r m a l  energy  through various kinds of walls is in many industrial  appl icat ions 
effected by a t r ans ien t  mode of heat  conduction. Thus,  there  a r i s e  p rob lems  of opt imizat ion.  

One v e r y  often encounters  p rob l em s  in t e m p e r a t u r e  regulat ion,  which in many ways d e t e r m i n e s  the 
product  quality,  and reduces  them to that  of s imulat ing the object  through which t r ans i en t  heat  conduction 
takes  place  while it in terac ts  with the control device.  The s imulat ion p roce s s  r evea l s  the opt imum regu la -  
tion modes and de t e rmines  the opt imum p a r a m e t e r s  of the automat ic  control  s y s t e m  (ACS). Such p rob lems  
a r e  solved with the aid of analog compute r s  (AC) [1, 2]. 

Ana log-compute r  s imulat ion of genera l  t r ans i en t  heat -conduct ion p r o c e s s e s  and the neces s i t y  of con-  
s ide r ing  a t h ree -d imens iona l  t e m p e r a t u r e  field give r i s e  to var ious  diff icult ies [3] involved with the analog 
r ep re sen t a t i on  of par t ia l  d i f ferent ia l  equations with va r i ab le  boundary conditions and with the resul t ing  
t ranscendeq ta l  t r a n s f e r  functions dependent on the boundary conditions of  a given p rob lem.  In this s tudy 
we will consider  one poss ib le  method of ove rcoming  these diff icult ies.  

We cons ider  the p r o b l e m  of t r ans ien t  heat  conduction through an infinitely l a rge  plane wall: 

Oo (~; Fo) 030 (~: Fo) 
= (1) 

O Fo 0~ 2 ' 

F o > 0 ;  0 ~ < ~ - ~  1. 

with the initial and the boundary conditions 

0(~; O) = 0, (2) 

00(0; Fo) + ql(Fo) = 0, (3) 
o~ 

O0 (1; Fo) q2 (Fo) -~ 0. (4) 
o~ 

Quantit ies qt and q2 in Eqs.  (3) and (4) a r e  the r e f e r r e d  the rma l  fluxes on the waU su r faces :  

l q~(Fo) = T q,1 (Fo) --  Bi~[0 (0; Fo) - -  0, (Fo)l, 

l q~(Fo) = ~ q2~ (Fo) --  Bi 2 [0 ( 1; Fo)--  0~ (Fo)]. 

(5) 

(6) 

We apply the Lap lace  t r an s fo rm a t i on  to Eqs .  (1)-(6) with r e s p e c t  to Fo [4]. The t r a n s f o r m  functions 
will be deneted by capi ta l  l e t t e r s .  Solving the t r a n s f o r m  equations with the cons t ra in t s  will yield 

O (~; p) = W x (~; p) Q1 (p) + W~ (~; p) Q2(P), (7) 
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Fig. i. Structura l  d iagram of a model. 

ch [:/p-(i --~)l . 
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eh(V-Fg) 
w,~(~; p) V F s h  ~.; K 

(s) 

(9) 

Le t  us now examine the s t ruc tu re  of functions Q1 and Q~ 

l 
Q' (P) = T Oil (P) - -  Bible (0; p) - -  01 (p)]. 0o) 

With (7) taken into accotmt, we have 

-~ /Qn (P) - Bit [W1 (0; p) Q1 (p) § W~ (0; p) Q~ (p) - -  01 (P)I, QI(P) 
(11) 

For  Q2 we have, analogously, 

l 
Q2 (P) = ~ Q~t (P) - Bi2 [1171- (1; p) QI (P) + W2 (i; p) Q2 (P) --O,(p)l. (12) 

On the basis of Eqs.  (7), (11), and (12), we design a s t ruc tura l  d iagram (Fig. 1) of a model which 
combines opera tors  and t r ans fo rm functions in the form (8) and (9). 

The  fo rm of the t r an s f e r  ftmctions does not depend on the spec i f i c  conditions of the problem and is 
de termined  only by the wall geomet ry .  

The s t ruc tu re  of a model depends on the boundary conditions. Boundary conditions of the third kind 
r e su l t  in feedback coupling at the sur faces  and in t r ans fe r  functions represen t ing  the interaction between 
p roc e s se s  at these sur faces .  

In o rder  to make an analog-computer  simulation of the p rocess  feasible,  we have expanded the 
t ranscendental  t r an s f e r  functions into s e r i e s  with respec t  to thei r  poles: 

1 
cos nz~ 

WI(~; p) = ! + 2 ~ n2~ (13) 
p /--,a I ' 

1 
r n ~ .  2 W2(~; p) = -[- 2 ' ~ l j  (__i) n n 2 ~  2 

p ~ T '" (14) 
n = l  n~2- p + 1 
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The gain coefficients in the expansion t e rms  represen t  a fast decreas ing  (proportionally to n 2) a l t e r -  
nating se r i e s ,  which means that little accu racy  is lost  by terminating it. 

For  problems with Bi -< i it is sufficient to terminate  the ser ies  after  n = 1; for problems where 1 
< Bi < oo, n = 3 will yield an accuracy  of 5%. 

If it becomes n e c e s s a r y  to improve the accuracy  of the solution, then one includes more t e rms  of 
the ser ies  in the calculation. It is noteworthy that the t ime constants in the f i r s t - o rde r  t e rms  of these 
expansions a re  independent of ~. As a consequence,  switching f rom one section (of ~-values) to another 
involves only a change of respect ive  gain coefficients.  The gain coefficients of W 1 and W 2 differ in sign 
only, All this simplifies the ana log-computer  design of a model. 

Thus, four integrating networks a re  needed for the representa t ion of expansion t e rms ,  and 2n net-  
works are  needed for the representa t ion of n t e rms .  The cor rec tness  of the analog-computer  model and the 
accuracy  of the obtained solution are  checked against the solution to a control problem with boundary con- 
ditions of the third kind and by matching the resul ts  against  the curves given in Lykov 's  book [4]. 

An analogous problem is solved for a cylindrical  wall: 

a0 (~; Fo) = .a50 (~; Fo ) I - ~ - - .  
OFo a~ 2 

F o > 0 ;  ~-<  ~ -~ ~2, 

ao (~,; Fo) + q, (Fo) = O, 
o~ 

a0 (~_o; Fo) 
q2 (Fo) = O, a~ 

a0(~; Fo) 
a~ ' (15) 

(16) 

(17) 

r _  

(Fo) ----- ~ qn (Fo) - -  Bi~[O (~,; Fo) - -  Oz qx (Fo) l, 

rI 
q2(F~ = --~ q2, (Fo) - -  Bi~ [0 (~2; Fo) - -  02(Fo)]. 

(18) 

(19) 

The s t ruc tura l  schemat ic  d iagram of this model is analogous to the previous one. The basic  t r a n s -  
cendental t r ans fe r  functions and their  se r ies  expansions are  shown in Table 1. 

As an example,  we will now consider  the problem of optimally heating a polymer  film during its 
orientation.  P r i o r  to the orientation p rocess ,  s u c h a  film is heated by passing it over a set  of ro l le rs  
sequential ly at a constant velocity (Fig. 2a). 

The number  of ro l l e r s ,  their  d iameter ,  the contact angle, the velocity, and the film thickness a re  
usually known or are  determined by the machine design pa ramete r s  and by the requirements  of the specific 
technological  p rocess .  The conditions of heat t ransfer  between rol ler  and film are also usually known. It 
is required to determine the t empera tu re  of the ro l l e r s ,  within imposed l imits ,  which will ensure  the 
minimum sum of all their  t empera tures  at a given heating uniformity. This is equivalent to minimizing the 
energy losses  and the degree of crysta l l izat ion due to heating, the la t ter  causing a deter iorat ion of the film 
quality. 

The problem here  will be formulated analytically.  The object is descr ibed by Eq. (1) with the bound- 
a ry  conditions 

O0 (0; Fo) 
" �9 O~ - - -  7,(Fo) Bi[0,(Fo) - -  0 (0; Fo)] = 0, 

(20) 
00(1; Fo) 

~- 72(Fo) Bi [0,(Fo)--0(1; Fo)]=0. o~ 

Here Y1 and 3'2 a re  step functions of the Four ie r  number ,  equal to 1 or 0 depending on the number  of ro l le r s  
with which the film is in contact at a given instant of t ime: 71 a Y2. A switching of Y1 and 72 corresponds  
to a pass of the film f rom one ro l l e r  to another.  The ro l le r  t empera tu re  0 i is then also switched. 
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Fig. 2. a) Schemat ic  d i a g r a m  of f i lm pas sage  over  ro l l e r s ;  b) schemat ic  d ia -  
g r a m  of p rob l em  simulat ion on an analog computer .  

Fig. 3. Schemat ic  block d i ag ram of the a lgor i thm.  
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Fig. 4. Optimum heat ing of a 
f i lm.  N u m b e r s  at  the curves  r e -  
f e r  to the r e spec t i ve  values of 
~- O, ~ 

According to the number  of  ro l l e r s ,  there  a r e  n t ime  intervals  
de te rmined  by the ro l l e r  rad ius ,  the contact  angle with the f i lm,  and 
the veloci ty  of film t rave l :  

aT, 
F % - -  8 3 , 

(2i) 
qoR 

0 

It is requi red  to de te rmine  now 

rain X Oi (22) 
i 

under conditions of 

0 ~ O~ ~ 0=. (23) 

He re  0 m is the m a x i m u m  allowable r o l l e r  t e m p e r a t u r e ,  above which the film may s t ick  to the ro l l e r .  

l 

1 = ~ [o(~; FoR)--Ofl=d~< ~. 
0 

(24) 

Here  e is a sma l l  quantity which d e t e r m i n e s  the al lowable t e m p e r a t u r e  deviation within a f i lm sect ion upon 
exit  f r o m  the heat ing zone at the final instant of t ime  Fok. 

The p rob lem was solved on a model M-N-14 analog computer  (Fig. 2b). The object ,  desc r ibed  by 
Eqs.  (1), (20), and (21), was s imula ted  accord ing  to the method shown here .  The t i m e - i n t e r v a l  unit (TIB) 
of the analog computer  switched the boundary  conditions 1 and 2 at the instants of t ime Foi defined by Eq. 
(21), The functional (24) was rep laced  by a sum of t e r m s  at  five points ~ = 0, 0.25, 0.50, 0.75, 1.0: 

5 

I = X [0 (~m; Fob) - -  Of] ~. (25) 
r a = l  

The p rob lem was reduced to finding the conditional min imum of a mul t ivar iab le  function by methods 
of nonl inear  p r o g r a m m i n g  as ,  for instance,  the g rad ien t  methods [5]. Track ing  the min imum (22) was r e -  
p laced by t r ack ing  the min imum of sum (25). In o r d e r  to ensure  finding a solution to the given p rob l em,  
however ,  the computat ion s teps  following the de te rmina t ion  of the grad ien t  components  

A ~ -  AI (26) 
A0~ 
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TABLE 2. Optimum Heating Mode 

0,, ~ 02, ~ 04, ~ 0 0,25 0,5 0,75 1,0 I ,  E0f 

0,78 169 

were  made inversely proport ional  to the gradient components:  

Ok ak-1 ~ 1 (27) 
a~ 

This made it possible to approach Imi n with the maximum temperature decrease at those rollers which 
least affected the value of I. While Imi n was reached under the limiting conditions of the problem, there- 
fore, the minimum of (22) was reached at the same time. A block diagram of the algorithm is shown in 
Fig. 3. The search for Imi n began from the last roller along the film route. A temperature close to the 
rated film temperature was specified on this roller, namely Of + I~ A solution for the given conditions 
was obtained on the analog computer and the temperature at the center of the film section 

0 (0.5; Fo D > Of -- 0,5 ~ (28) 

was checked. Here ~0.5~ was the permiss ib le  t empera tu re  deviation f rom the specified level. When in- 
equality (28) was found to be satisfied, then Imi n was found by the method (26), (27) and the problem was 
considered solved. When inequality (28) was found not to be satisfied,  then the second ro l le r  at t empera ture  
0 m was hookedonandEqs .  (1), (20) were solved on the analog computer.  Inequality (28) was checked again 
and, if it was found not to be satisfied,  the next ro l le r  at t empera tu re  0 m was hooked on. This procedure  
was repeated until the addition of another rol ler  for heating the film made inequality (28) hold true.  This 
p re l iminary  sea rch  ensured an exit into the zone of Imin. The procedure  (26), (27) was then used for the 
final determination of the t empera tu re s  of ro l le rs  which would yield the solution to the original  problem. 

For  the case of four heating ro l le r s  in a machine with a 0.002 m (2000 ~) thick po lye thy lene- te re -  
phthalate film passing at a velocity of 12 m/ ra in  over  the ro l le rs  with a ~r-radians (180 ~ contact angle, 
this method yielded a solution in 16 min. A technician per formed the logic operat ions,  changed the t e m -  
pera tures  of ro l l e r s ,  and read the output data on a digits/ voltmeter.  The ra ted film tempera tu re  was 0f 
= 500(2, 0 m = 60~ t 0 = 20~ e = 1, 

a = 8 �9 10 -s m2/sec; ~. = 0.14t W/re.dog; Bi : 16~5; R----0.2 m. 

Curves of the film tempera tu re  versus  the Four ie r  number  a re  shown in Fig. 4 f o r  ~ : 0, 0.5, and 
1.0 with the optimum tempera tures  of ro l lers .  The tempera tures  of ro l l e r s ,  the t empera tu res  at five points 
on a film section at the end of the heating p rocess ,  the values of I and of Z0 i a re  all given in Table 2. 

The descr ibed procedure  for solving optimization problems in the a rea  of film heating has been in- 
t roduced in industrial  plants for the production of biaxially oriented polymer  films and has made it feasible 
to improve the physicomechanical  proper t ies  of such fi lms. 

0 = t - t o ;  
0 t = t t - to ;  
0 2 = t 2 - t 0 ;  
t 
% 
%,% 

=xA 
X 

l 
FO = a T / l  2 

a 

T 

x 

NOTATION 

is the fi lm tempera ture ;  
is the initial film tempera ture ;  
a r e  the t empera tu res  of the media where Newtonian heat t r ans fe r  occurs  at the respect ive 
wall surfaces ;  
is the dimensionless  coordinate;  
is the space coordinate;  
is the wall thickness; 
is the Four i e r  number;  
is the thermal  diffus ivity; 
is the t ime coordinate; 
is the thermal  conductivity; 

100 



Bi = o ~ l / k  

c~ 

P 
= r / r 1 ;  

~1 = 1; 

g2 = r 2 / r l ;  
rl 
r2 
0 i = t i - t0 ;  
ti 
R 
V 

of = t f - t  o 
ok 
h 

is the Biot number;  
is the h e a t - t r a n s f e r  coefficient; 
is the Laplace  t rans format ion  opera tor ;  in Eqs. (15), (16), and (17): 

is the inside radius of cyl indrical  wall; 
is the outside radius of cyl indr ical  wall; 

is the t empe ra tu r e  of i- th ro l l e r  along the film t rave l  contact  angle between film and rol ler ;  
is the radius of ro l le r ;  
is the veloci ty of film travel ;  
is the rated fi lm t empera tu re ;  

is the t empe ra tu r e  of i- th ro l l e r  on the k-th step of t racking the minimum; 
is the constant.  

1, 

2. 

3. 

4. 
5. 
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